Abstract. We extend two known existence results to simply connected manifolds with positive sectional curvature: we show that there exist pairs of simply connected positively-curved manifolds that are tangentially homotopy equivalent but not homeomorphic, and we deduce that an open manifold may admit a pair of non-homeomorphic simply connected and positively-curved souls. Examples of such pairs are given by explicit pairs of Eschenburg spaces. To deduce the second statement from the first, we extend our earlier work on the stable converse soul question and show that it has a positive answer for a class of spaces that includes all Eschenburg spaces.
Introduction
The Soul Theorem [CG72] determines the structure of an open manifold N endowed with a metric g of non-negative sectional curvature: there exists a closed totally convex submanifold S, called the soul, such that N is diffeomorphic to the normal bundle of S. This soul may not be unique, but for a given metric g any two souls are isometric. Our work is motivated then by the following question: if N admits different non-negatively curved metrics g 1 , g 2 , what can be said about the corresponding souls S 1 , S 2 ? For convenience we will say that S is a soul of N iff S is a soul of (N, g) in the usual sense for some metric g of non-negative sectional curvature.
Open manifolds with different souls can be constructed in the following ways. It is well known that there exist 3-dimensional lens spaces L 1 , L 2 that are homotopy equivalent but not homeomorphic, and such that their products with R 3 are diffeomorphic. Thus, the obvious product metrics on L 1 × R 3 ∼ = L 2 × R 3 have two non-homeomorphic souls. In a similar vein, all of the fourteen exotic 7-dimensional spheres Σ 7 (i. e. manifolds which are homeomorphic but not diffeomorphic to the standard sphere S 7 ) admit non-negatively curved metrics (see [GZ00] and the recent preprint [GKS] ), and they all become diffeomorphic after taking the product with R 3 . Thus, the obvious product metrics yield fifteen non-diffeomorphic souls of S 7 × R 3 . In a more elaborate construction, Belegradek showed that S 3 × S 4 × R 5 admits infinitely many souls that are pairwise non-homeomorphic [B03] . In [KPT05] the same statement was shown over S 2 × S 2 × S 3 × S 3 × R k for any k > 10, where the souls satisfy certain curvature-diameter properties. Finally, in [BKS11] further Our main interest in this note is the existence of souls with positive sectional curvature. For example, the lens spaces described above have metrics with constant positive sectional curvature. Unpublished work by Petersen-Wilhelm [PW] announces a positively curved metric on one of the exotic spheres Σ 7 ; this would yield two non-diffeomorphic souls with positive curvature on S 7 × R 3 . It also follows from [BKS15] that there exist open manifolds with pairs of non-diffeomorphic homeomorphic souls with positive curvature: see Theorem 17 below for the precise statement and its proof. In all of the above examples, however, the pairs of souls satisfy at most two of the following three properties: they are simply connected, they are non-homeomorphic, they have positive sectional curvature. The situation is summarized in Figure 1 . Here, we present open manifolds with pairs of souls that satisfy all three properties simultaneously:
Theorem A. There exist simply connected open manifolds with a pair of nonhomeomorphic souls of positive sectional curvature.
In combination with results of [KPT05, BKS11] , Theorem A yields some consequences on the topology of the moduli space of Riemannian metrics with nonnegative sectional curvature on the corresponding spaces. This is explained in Section 6. Theorem A will be proved in the following more explicit form: Of course, one of the souls is the given Eschenburg space M ; the other soul is a homotopy equivalent but non-homeomorphic Eschenburg space M ′ . Recall that Eschenburg spaces [E82] form an infinite family of 7-dimensional quotients of SU (3) under circle actions. They inherit metricsḡ from SU (3) which in many cases have positive sectional curvature (see Section 4 for details). The only known examples of pairs of simply connected manifolds with positive curvature which are homotopy equivalent but non-homeomorphic occur among these Eschenburg spaces [CEZ07, S02] . On the other hand, there are only finitely many homeomorphism classes of Eschenburg spaces in each homotopy type [CEZ07, Prop. 1.7] , so Theorem A cannot yield infinite families of non-homeomorphic souls. 
Theorem C. Let M be an Eschenburg space with a metricḡ inherited from SU (3).
The total space of every real vector bundle over M of rank ≥ 8 admits a metric with non-negative sectional curvature whose soul is isometric to (M,ḡ).
Explicit pairs of Eschenburg spaces as in Theorem B are listed in Table 1 below. They constitute the first known examples of simply connected positively curved nonhomeomorphic spaces that are tangentially homotopy equivalent.On the other hand, any two homeomorphic Eschenburg spaces are in particular tangentially homotopy equivalent. (This implication holds for many closed manifolds of dimension at most 7; see Corollary 3.) Pairs of simply connected non-negatively curved manifolds that are tangentially homotopy equivalent but not homeomorphic are already known: Crowley exhibited an explicit such pair of S 3 -bundles over S 4 [C, p. 114] , which carry metrics of non-negative sectional curvature by the work of Grove and Ziller [GZ00] . Theorem C should be seen in the context of the converse soul question: does every vector bundle over a manifold with non-negative sectional curvature itself admit a metric of non-negative sectional curvature? While this is known to be false for general base manifolds, very little is known about this question for simply connected bases. Every vector bundle over a sphere S n with 2 ≤ n ≤ 5 admits such a metric [GZ00] , and there exist partial positive results over cohomogeneityone four-manifolds [GZ11] . A stable version of the question is known to have an affirmative answer for all spheres [R78] , and also for many other families of homogeneous spaces including almost all the positively curved ones [Go17, GoZ] . On the other hand, there is not a single known example of a vector bundle over a simply connected non-negatively curved closed manifold whose total space admits no metric of non-negative sectional curvature. Using the same techniques as in the proof of Theorem C, we can further extend the list of known positive cases as follows. 
Theorem C . Let
where The unifying feature here is that these base manifolds come equipped with a principal S 1 -bundle that carries an invariant metric of non-negative sectional curvature, and whose associated complex line bundle generates the Picard group of the base manifold. The idea is then to show that any real vector bundle is stably equivalent to a sum of at most r/2 complex line bundles. See Proposition 8 below for a general form of Theorems C and C . Note that there are infinitely many manifolds in Theorems C and C that are not diffeomorphic to homogeneous spaces. Indeed, there are infinitely many spaces among Eschenburg and generalized Witten spaces that are not even homotopy equivalent to any homogeneous space [S02, E05] .
Outline. The paper is organized as follows. All theorems above follow from a study of stable equivalence classes of real vector bundles over manifolds of dimension at most seven, with which we begin in Section 2. Theorems C and C are deduced in Section 3. In Section 4, we use the results on stable equivalence classes to refine the homotopy classification of Eschenburg spaces due to Kruggel, Kreck and Stolz to a classification up to tangential homotopy equivalence. A search for pairs as in Theorem B can then easily be implemented as a computer program. The code we use is briefly discussed at the end of Section 4; we have made it freely available [zen] . Theorem A is finally proved in Section 5. We close in Section 6 with a brief discussion of implications for moduli spaces.
Notation.
We write H * (−) to denote (singular) cohomology with integral coefficients, i.e. H * (X) := H * (X, Z).
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Vector bundles over seven-manifolds
Two real vector bundles F and F ′ over a common base X are stably equivalent
The main result of this section is that, over certain classes of 7-manifolds, any real vector bundle is stably equivalent to a sum of complex line bundles. See Proposition 4 for the precise statement and Remark 6 for slight generalizations.
Our calculations will make use of the Spin characteristic class q 1 constructed by Thomas [T62] . Assume for the following brief discussion that our base X is a finite-dimensional connected CW complex. A Spin bundle F over X is a real vector bundle whose first two Stiefel- 
For the last identity, note the rE is a Spin bundle if and only if the mod-2-reduction of c 1 E in H 2 (X, Z 2 ) vanishes. In particular, the stated stronger condition c 1 E = 0 implies that rE is a Spin bundle.
Proof. The first claim is clear from the definition. For (b) and (c), see eqs 1.10 and 1.5 in Thm 1.2 of [T62] . Claim (d) is a direct consequence of the definition of Pontryagin classes. For (e), note that stable equivalence classes of bundles with vanishing first Chern class are classified by BSU . So q 1 • r defines a natural transformation [X, BSU ] → H 4 (X) and hence corresponds to an element of H 4 (BSU ) = Zc 2 . To see which element it is, we can evaluate, say, on X = S 4 and then use (d). The distinction of cases here is necessary because, in contrast to w 1 , w 2 and p 1 , the Spin characteristic class q 1 is not defined for arbitrary real vector bundles.
Proposition 2. Suppose X is a connected CW complex of dimension
Proof. Let KO(X) denote the reduced real K-group of X, i. e. the group of stable equivalence classes of real vector bundles over X. (For background, see for example [H94] .) Let KSpin(X) denote the subgroup of stable equivalence classes of Spin bundles. Equations (a) and (b) of the previous proposition show that q 1 defines a homomorphism q 1 : KSpin(X) → H 4 (X). By [LD91, Cor. 1], this homomorphism is an isomorphism for X of dimension at most seven, so the claim follows.
In general, KSpin(X) and KO(X) fit into a short exact sequence as follows [LD91,
Here, the group structure on H 1 (X, Z 2 )×H 2 (X, Z 2 ) is defined such that the StiefelWhitney classes (w 1 , w 2 ) define a homomorphism. Given two real vector bundles F and F ′ whose Stiefel-Whitney classes w 1 and w 2 agree, we obtain an element F − F ′ ∈ KO(X) that lies in the kernel of (w 1 , w 2 ) and hence in KSpin(X). If furthermore p 1 (F ) = p 1 (F ′ ), then using [MS74, Thm 15 .3] and our assumption on H 4 (X), we find that p 1 (F − F ′ ) = 0. Using Proposition 1 (c) and again the assumption on H 4 (X), we deduce that q 1 (F − F ′ ) = 0. As we saw in the first part of the proof, this implies that F − F ′ = 0 in KSpin(X). So F and F ′ are stably equivalent.
As q 1 is a homeomorphism invariant [CN, 1.1/Rem. 2.1], and as Stiefel-Whitney classes are even homotopy invariants, the above proposition implies:
Corollary 3. Any two homeomorphic closed Spin manifolds of dimension ≤ 7 are tangentially homotopy equivalent. Similarly, any two homeomorphic closed manifolds of dimension ≤ 7 for which H
4 (−) contains no 2-torsion are tangentially homotopy equivalent.
In general, of course, the notions of homeomorphism and tangential homotopy equivalence differ. The most well-known examples of this appear to be due to Milnor, who constructed open homeomorphic manifolds of dimension 9 with different second integral Pontryagin classes (and hence of different tangential homotopy type).
We introduce the following shorthand for a CW complex X with H 4 (X) finite:
contains no 2-torsion, and H 4 (X) is finite cyclic and generated by the square of a generator of H 2 (X).Then any real vector bundle over X is stably equivalent to (the underlying real bundle of) a Whitney sum of σ 4 (X) complex line bundles.
Proof. We prove the proposition under the slightly more general assumptions described in Remark 6. That is, we relax the assumption that M is simply connected and require only that H 1 (X, Z 2 ) = 0, and we allow H 2 (X) to be an arbitrary nonzero quotient of Z. The assumption on H 3 (M ) implies that either H 2 (X, Z 2 ) = 0 or H 2 (X, Z 2 ) ∼ = Z 2 , and that the reduction map H 2 (X) → H 2 (X, Z 2 ) is surjective. We identify H 4 (X) with Z s for some positive integer s. We will not distinguish between integers and their images in any of these residue groups notationally. Given an integer a, we write L a for the complex line bundle with c 1 (L a ) = a ∈ H 2 (X). More generally, a sum of such line bundles will be denoted
4 (X) vanishes, the stable equivalence class of a real vector bundle F over X is determined by w 2 (F ). Thus F is stable equivalent to either r(L 0 ) or r(L 1 ).
Next, consider the case that the order s of H 4 (X) is odd. Let F be an arbitrary given real vector bundle over X. By the second part of Proposition 2, it suffices to find integers a 1 , . . . , a 4 such that
If H 2 (X, Z 2 ) = 0, we can ignore the first condition; otherwise, w 2 (rL a1,...,a4 ) = a 1 + a 2 + a 3 + a 4 mod 2. For the Pontryagin class, part (d) of Proposition 1 implies that
So we can find integers a i satisfying condition (ii) by appealing to Lagrange's Four Square Theorem: any positive integer can be written as a sum of a most four squares. In case these integers do not already satisfy condition (i), we can replace a 1 by a 1 + s: as a 1 + s = a 1 + 1 mod 2 and (a 1 + s) 2 = a 2 1 mod s, the new set of integers will then satisfy both conditions.
Finally, for arbitrary s, we can argue as follows. Let F again be some given real vector bundle over X, but assume to begin with that F is a Spin bundle. Then in view of Proposition 2 it suffices to show that there exists a Whitney sum of (at most nine) complex line bundles L a1,...,a k such that rL a1,...,a k is a Spin bundle with the same Spin characteristic class as F . As the first Chern class of such a sum is given by
..,a k is certainly a Spin bundle whenever a 1 + · · · + a k ≡ 0 mod 2. Moreover, part (e) of Proposition 1 applies whenever a 1 + · · · + a k = 0 in Z. In particular, we find that q 1 (rL a,−a ) = a 2 , and more generally that −a1,a2,−a2,a3,−a3,a4,−a4 
So, again by Lagrange's Four Square Theorem, we can find integers a 1 , a 2 , a 3 , a 4 such that q 1 (rL a1,−a1,...,a4,−a4 ) = q 1 F , whatever the given value of q 1 F . So our Spin bundle F is stably equivalent to a Whitney sum of eight complex line bundles. When F is an arbitrary real vector bundle, we can pick a complex line bundle L e such that w 2 (L e ) = w 2 (F ). Then F − L e is a stable equivalence class in KSpin(X), the previous argument shows that F − L e = L a, −a,...,d,−d in KSpin, and hence F is stably equivalent to the Whitney sum of nine complex line bundles
Corollary 5. Let X be a connected CW complex satisfying the assumptions of Proposition 4. Any real vector bundle over X of rank ≥ max{2σ 4 (X), dim(X) + 1} is isomorphic to a Whitney sum of σ 4 (X) complex line bundles and a trivial bundle.
Proof. This is immediate from Proposition 4 and the general fact that the notions of stable equivalence and isomorphism agree for bundles of sufficiently high rank: if two real vector bundles of the same rank F and F ′ over an n-dimensional CW complex are stably equivalent, and if the common rank of these bundles is greater than n, then F and F ′ are isomorphic (e.g. [H94, Ch. 9, Prop. 1.1]).
Remark 6. We have deliberately refrained from stating Propositions 2 and 4 and Corollary 5 with minimal assumptions. In Proposition 2, the condition that X is a connected CW complex of dimension ≤ 7 could easily be replaced with the following weaker assumptions: -X is a connected finite-dimensional CW complex.
-The inclusion of the seven-skeleton X 7 induces an isomorphism KO(X 7 ) ∼ = KO(X). The Atiyah-Hirzebruch spectral sequence shows that a sufficient criterion for this to be the case is that all non-vanishing integral cohomology groups H i (X) in degrees i ≥ 5 are torsion-free and concentrated in degrees i with (i mod 8) ∈ {3, 5, 6, 7}. The additional assumptions needed in Proposition 4 and Corollary 5 are that
is non-zero cyclic, and that H 3 (X) and H 4 (X) have the properties stated.
Non-negative curvature
In this section we review a common construction of non-negatively curved metrics on vector bundles and prove Theorems C and C , which give partial positive answers to the converse soul question for Eschenburg spaces and a few other spaces.
Let G be a Lie group and let P → M be a principal G-bundle. Given a representation ρ : G → R m , there exists a natural diagonal action on the product P × R m whose quotient space E ρ = P × G R m is the total space of a real vector bundle over M . This constructions yields a natural semiring homomorphism:
Suppose now that P admits a G-invariant metric g P with non-negative sectional curvature. By the Gray-O'Neill formula for Riemannian submersions, M inherits a metricḡ P with non-negative sectional curvature. Now suppose that ρ : G → R m is an orthogonal representation with respect to the usual Euclidian metric g 0 on R m . Equip P × R m with the product metric g P × g 0 . Then P × R m also has nonnegative sectional curvature and the diagonal G-action on P × R m is by isometries. So, again by the Gray-O'Neill formula, E ρ inherits a metric with non-negative sectional curvature for which the zero-section (P × G {0},ḡ p ) = (M,ḡ P ) is a soul.
At the present time, this is the only known construction of open manifolds with non-negative sectional curvature, up to metric deformations (see [W07, Section 3 .1]). It is natural to ask which vector bundles over M can be constructed in this way, a purely topological question that is discussed at length in [GoZ] for the case when P → M is the canonical G-bundle over a homogeneous space G ′ /G. Here, we consider circle bundles, i. e. the case G = S 1 .
Proposition 7. Let P → M be a principal circle bundle over a closed manifold M .Assume that P is 2-connected and that it admits an invariant metric g P of non-negative sectional curvature. Then the total space of any Whitney sum of complex line bundles over M admits a metric of non-negative sectional curvature and with soul isometric to (M,ḡ P ), whereḡ P denotes the quotient metric inherited from g P .
Proof. As explained in [BKS15, Section 12] , the fact that P is 2-connected implies that H 2 (M ) = Z and that the first Chern class of the bundle is a generator of H 2 (M ). It follows that any complex line bundle over M has the form E ρ = P × S 1 C for some character ρ of S 1 , and more generally that any Whitney sum of complex line bundles has the form E ρ = P × S 1 C k for some direct sum of characters ρ ∈ Rep(S 1 ). So the claim follows immediately from the discussion above.
Conditions for a circle bundle to admit invariant metrics with non-negative sectional curvature are given in [STT05] .
Theorems C and C of the introduction are particular cases of the following more general statement. Recall from eq. (1) in Section 2 our notation σ 4 (M ) for a space with H 4 (M ) finite. Proof. Corollary 5 and Remark 6 show that any real vector bundle F over M of rank ≥ max{2σ 4 (M ), dim(M ) + 1} is isomorphic to a Whitney sum of complex line bundles and a trivial vector bundle. The Whitney sum of complex line bundles admits a metric of non-negative sectional curvature by Proposition 7, and thus the product metric of this metric with the flat metric on the trivial summand yields a metric on F with the desired properties.
To prove Theorems C and C , it now suffices to check that the spaces in question satisfy the assumptions of Proposition 8.
Proof of Theorems C and C . The cohomology of Eschenburg and generalized Witten spaces is well known [E05, E82]: they are manifolds of type r (see Definition 12 below). For Eschenburg spaces |H
4 (M )| is odd, while for generalized Witten spaces it can be either odd or even so both σ 4 (M ) = 4 and σ 4 (M ) = 9 occur. The total spaces of the corresponding principal bundles are SU (3) and S 3 × S 5 , respectively, which clearly satisfy the topological assumptions of Proposition 8. The corresponding metrics on SU (3) were constructed by Eschenburg [E82] , see Section 4 below. As for the generalized Witten spaces, the circle actions are by isometries with respect to the standard product metric on S 3 × S 5 (see [E05] ). The products S 2 × S m and the unique non-trivial S m -bundle over S 2 with m ≥ 2have the same cohomology ring,which clearly satisfies the topological assumptions when m ≡ 3, 5 mod 8. The products S 2 × S m are just quotients of S 3 × S m via the Hopf fibration over the first factor. The unique non-trivial S m -bundle over S 2 with m = 3 or m ≡ 5 mod 8 can be described as a circle quotient of S 3 × S m as well. Moreover, the corresponding action is by isometries with respect to the standard product metric on S 3 × S m : see [DeV14] for the case m = 3 and [WZ90, item (b) above Corollary 4] for the cases m ≡ 5 mod 8.
Eschenburg spaces
Eschenburg spaces, first introduced and studied in [E82] , generalize the homogeneous 7-manifolds known as Aloff-Wallach spaces. Each Eschenburg space is a quotient of SU (3) by a free action of S 1 of the following form:
Following [CEZ07] , we specify the action of S 1 and the resulting Eschenburg space M = M (k, l) by the six-tuple of integer parameters (k, l) = (k 1 , k 2 , k 3 , l 1 , l 2 , l 3 ). We refer to this six-tuple as the parameter vector of M . The parameters need to satisfy k 1 + k 2 + k 3 = l 1 + l 2 + l 3 , as well as some further conditions that ensure that the S 1 -action is free, see [CEZ07, (1.1)]. The Aloff-Wallach spaces are the Eschenburg spaces M (k, l) with l 1 = l 2 = l 3 = 0.
All Aloff-Wallach spaces M (k, 0) with k 1 k 2 k 3 = 0 admit an invariant metric of positive sectional curvature.The interest in more general Eschenburg spaces arises from the fact that they include some of the very few known examples of nonhomogeneous manifolds with positive sectional curvature. Following Eschenburg's terminology in [E84, §34] , we define a torus-invariant metric on SU (3) to be a left-invariant metric which is bi-invariant with respect to some maximal torus of SU (3).
Definition 9. An Eschenburg metric on an Eschenburg space M (k, l) is a quotient metric on M (k, l) induced by a metric on SU (3) which is not only invariant under the S
1 -action specified by the parameter vector (k, l) but also torus invariant in the above sense. An Eschenburg space is positively curved if it has positive sectional curvature with respect to some Eschenburg metric. 
Proposition 10 (Eschenburg). The Eschenburg space M (k, l) is positively curved if and only if, for each
As explained in [CEZ07, Lemma 1.4], any positively curved Eschenburg space can be described by a parameter vector (k, l) satisfying
More precisely, any Eschenburg space M with a positively curved Eschenburg metric is isometric to an Eschenburg space M (k, l) equipped with a positively curved Eschenburg metric whose parameter vector (k, l) satisfies ( †). All the examples of positively curved Eschenburg spaces discussed below will be given in this form. Positively curved Eschenburg spaces display interesting phenomena that are not visible when studying the Aloff-Wallach subfamily alone. The following proposition is one example of this. Part (b) was already stated as Theorem B of the introduction. A slightly weaker version of this proposition, namely the existence of pairs of positively curved Eschenburg spaces which are homotopy equivalent but not homeomorphic, is known by [S02, CEZ07] . Also, there are known pairs of positively curved Eschenburg spaces [CEZ07, Table 2 ] and even of Aloff-Wallach spaces [KS91, Corollary on p. 467] which are homeomorphic but not diffeomorphic. The situation is illustrated in Figure 2 .
Given the concrete examples in Table 1 , Proposition 11 can be treated as an application of the classification of Eschenburg spaces. We will first discuss this classification and then say a few words about how the examples were obtained.
Classifications of Eschenburg spaces are known up to various notions of equivalence. Most relevant for us are the classifications up to homotopy and homeomorphism due to Kruggel [K97, K98, K05] . The simplest homotopy invariant used in these classifications is obtained via cohomology. Namely, all Eschenburg spaces are type-r-manifolds in the following sense [E82, Proposition 36] :
Definition 12 ([K97])
. A type-r-manifold is a simply connected closed 7-manifold M whose cohomology has the following structure:
In particular, the order r of the fourth cohomology group is a homotopy invariant of Eschenburg spaces. A homeomorphism invariant used in Kruggel' Prop. 11
Prop. 11 [S02, CEZ07] diffeomorphic homeomorphic tangentially homotopy equivalent homotopy equivalent Aloff-Wallach spaces [KS91] [S02] Figure 2 . Implications between different notions of isomorphism for positively curved Eschenburg spaces and for the subfamily of Aloff-Wallach spaces, respectively. All indicated implications (⇒) are strict; the references given mostly refer to counterexamples to the inverse implications.
Homotopy equivalent but not tangentially homotopy equivalent: Table 1 . The "first" six pairs of homotopy equivalent but not tangentially homotopy equivalent pairs of positively curved Eschenburg spaces (top half of table), and the "first" six pairs of tangentially homotopy equivalent but nonhomeomorphic pairs of such spaces. "First" means that these are the pairs with smallest value of r.
∈ Q/Zor. homotopy s 2 (non-polynomial) ∈ Q/Z (Kreck-Stolz invariant) or. homeomorphism Table 2 . Some invariants of an Eschenburg space M (k, l). Our notation mostly follows the notation used in [CEZ07] . In the explicit formulae for the invariants, σi denotes the ith elementary symmetric polynomial, i. e. σ1(k) = k1 + k2 + k3, σ2(k) = k1k2 + k2k3 + k1k3 and σ3(k) = k1k2k3. The oriented invariants ("or.") change signs under a change of orientation.
H
4 (M ) with Z r as the generator u 2 does not depend on any (sign) choices. The additional invariants used by Kruggel are the linking number and certain invariants s i developed by Kreck and Stolz for arbitrary type-r-manifolds [KS93] . Closed expressions for the Kreck-Stolz invariants of Eschenburg spaces M (k, l) are known only for spaces whose parameter vector (k, l) satisfies a certain numerical "condition (C)" [CEZ07, § 2]. However, spaces violating this condition are relatively rare, see Examples 15 below. One last homotopy invariant of positively curved Eschenburg spaces worth mentioning is the value of Σ := k 1 + k 2 + k 3 mod 3 [M00] [S02, Prop. 12 ]. This invariant is not used in Kruggel's classification, but it can still be useful when looking for the kind of phenomena we are studying here. Table 2 attempts to give an overview over the different invariants, while Table 3 summarizes the classification results. Note that the displayed classification of Eschenburg spaces up to tangential homotopy equivalence is immediate from the classification up to homotopy equivalence:
Proposition 13. Two Eschenburg spaces are tangentially homotopy equivalent if and only if they are homotopy equivalent and their first Pontryagin classes agree.
Proof. The invariant r, the order of H 4 (M ), is odd for any Eschenburg space M [CEZ07, above Prop. 1.7]. In particular, H 4 (M ) contains no two-torsion, so that the claim follows directly from the second statement in Corollary 3. Table 3 and the examples in Table 1 immediately imply the claims concerning general positively curved Eschenburg spaces. The statements concerning Aloff-Wallach spaces are also immediate from the classification and the expressions for the different invariants in Table 2 . Alternatively, see [S02, Proposition A.1] for the equivalence of the notions of homotopy equivalence and homeomorphism for Aloff-Wallach spaces. The equivalence of homeomorphism and tangential homotopy equivalence also follows from the stable triviality of their tangent bundles [KS91, page 475] .
Proof of Proposition 11. The classification results summarized in
To find the examples listed in Table 1 , we followed the basic strategy outlined in [CEZ07] . That is, we employed a computer program that first generates all positively curved Eschenburg spaces with r bounded by some upper bound R, and then looks for families of spaces whose invariants agree. More precisely, given an upper bound R ∈ N, the main steps of the program are:
(1) Generate all parameter vectors (k, l) satisfying ( †) with r ≤ R. Table 1 were obtained by comparing the different lists generated by the program. Unfortunately, the C-code referred to in [CEZ07] seems to have been lost, so we reimplemented the whole program from scratch and added the additional functionality we needed (in particular steps (3-5)). The new program, written completely in C++, is freely available [zen] , and we encourage the reader to play around with it. Invariants of individual spaces can alternatively be computed using some Maple code that is still available from Wolfgang Ziller's homepage.
The following empirical data obtained using the program is supplied purely for the reader's amusement. Statistics 14. Within the range of r ≤ 100 000, there are 101 870 124 -101 872 253 distinct homotopy classes, 103 602 166 distinct tangential homotopy classes, and 103 602 344 distinct homeomorphism classes of positively curved Eschenburg spaces. We do not know the exact number of distinct homotopy classes due to the failure of Kruggel's condition C in some cases. Examples 15 (Condition C failures). Examples of positively curved Eschenburg spaces for which Kruggel's condition C fails are discussed in [CEZ07] . An example of such a space with minimal value of r, taken from [CEZ07, §2] , is displayed as space M 0 in Table 4 . The spaces (M 1 , M 2 ) in Table 4 constitute a pair of positively curved Eschenburg spaces for which the invariants r, s, Σ and p 1 agree, while we cannot compare the Kreck-Stolz invariants due to the failure of condition C for one of the spaces. The value r = 141 151 is minimal among all such pairs.
Example 16 (Larger exotic families). The literature on Eschenburg spaces only studies pairs of exotic structures, for example pairs of homotopy equivalent spaces. However, there also seem to be lots of triples, quadruples, etc. of homotopy equivalent Eschenburg spaces. For example, the spaces M 3 , M 4 , . . . , M 8 in Table 4 constitute a six-tuple of homotopy equivalent, positively curved Eschenburg spaces, no two of which are tangentially homotopy equivalent. In contrast, we have not been able to find a single triple of tangentially homotopy equivalent but non-homeomorphic Eschenburg spaces. There appear to be no such triples with r ≤ 300 000.
Proof of Theorem A
We are now ready to prove our main result. By Theorem B, there exist pairs of positively curved Eschenburg spaces M 1 , M 2 that are tangentially homotopy equivalent but non-homeomorphic. Pick one such pair and a tangential homotopy equivalence f : M 1 → M 2 . We claim that M := M 2 has the property stated in Theorem A . Indeed, let E → M 2 be an arbitrary real vector bundle of rank ≥ 8. Denote by f * E → M 1 its pullback along f . The induced map h : f * E → E is still a tangential homotopy equivalence, see for example the proof of Proposition 1.3 in [GoZ] . Now we need the following classical result [TW15, Theorem 10.1.6] :
Let E i → M i be vector bundles of the same rank l over two closed manifolds of the same dimension n, for i = 1, 2. Suppose that l ≥ 3 and l > n. Then any tangential homotopy equivalence h : E 1 → E 2 is homotopic to a diffeomorphism. In particular, the total spaces of our bundles f * E → M 1 and E → M 2 are diffeomorphic. By Theorem C, they admit two metrics with non-negative sectional curvature, one with soul isometric to M 1 and the other with soul isometric to M 2 . This completes the proof of Theorem A /Theorem A.
The pairs of souls we have constructed have codimension ≥ 8. This is probably not optimal. All we know is that any pair of souls as in Theorem A necessarily has codimension at least three: according to [BKS11] It is known that any two homeomorphic Eschenburg spaces differ by a connected sum with a homotopy 7-sphere (see [KS88, Remark on p. 375] or [BKS15, Proof of Theorem 1.4]). Thus, by Proposition 7, we can endow the line bundle L we picked with two metrics with non-negative sectional curvature, one with soul isometric to M 1 and the other with soul isometric to M 2 .
Moduli spaces of Riemannian metrics
Given a manifold N , denote by R(N ) the space of all (complete) Riemannian metrics on N . We refer to [TW15, Chapter 1] for basic properties of spaces of metrics. They can be topologized in different ways. Following [BKS11] , we consider:
(u) the topology of uniform C ∞ -convergence (c) the topology of uniform C ∞ -convergence on compact subsets
The space of metrics equipped with one of these topologies will be denote R u (N ) and R c (N ), respectively. The diffeomorphism group Diff(N ) acts on R(N ) by pulling back metrics. This action is continuous with respect to both topologies. The quotient spaces are called the moduli spaces of metrics and will be denoted by (N ) . Connectedness properties of these spaces have been the subject of much research; see [T16] and [TW15, Chapter 10] for recent surveys on this topic.
Our main result Theorem A suggests to also consider the subspace of those metrics with non-negative sectional curvature K ≥ 0 whose souls S have positive sectional curvature K S > 0. We will denote this subspace and the the corresponding moduli space by R K≥0,K S >0 (N ) and M K≥0,K S >0 (N ), with the appropriate superscript again indicating the topology. Let us examine how the results above are reflected in the connected properties of these subspaces. We first consider the two topologies separately and then discuss the special case of codimension one souls, for which both topologies coincide. Codimension one souls. In the special case where the souls have codimension one in N both topologies coincide. More precisely, the following result is Proposition 2.8 in [BKS11] :
If N admits a metric with non-negative curvature and codimensionone soul, then the obvious map M When N is simply-connected all codimension-one souls S are diffeomorphic, so that the map soul: M 
